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Spinning Kerr black holes are known to be superradiantly unstable to massive scalar perturbations. We 
here prove that the instability regime of the composed Kerr-black-hole-massive-scalar-ﬁeld system is 
bounded from above by the dimensionless inequality Mμ <m ·
√
2(1+γ )(1−√1−γ 2)−γ 2
4γ 2
, where {μ, m} are 
respectively the proper mass and azimuthal harmonic index of the scalar ﬁeld and γ ≡ r−/r+ is the 
dimensionless ratio between the horizon radii of the black hole. It is further shown that this analytically
derived upper bound on the superradiant instability regime of the spinning Kerr black hole agrees with 
recent numerical computations of the instability resonance spectrum.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The intriguing physical mechanism of superradiance [1–3] al-
lows an incident bosonic wave ﬁeld to extract rotational energy 
from a spinning Kerr black hole. In particular, a scalar ﬁeld mode 
of azimuthal harmonic index m can be ampliﬁed (that is, can gain 
energy) as it scatters off a Kerr black hole if its proper frequency 
ωﬁeld lies in the bounded regime [1–4]
0 < ωﬁeld <mH, (1)
where [5–7]
H = a
r2+ + a2
(2)
is the angular velocity of the spinning Kerr black hole (here a and 
r+ are respectively the angular momentum per unit mass and the 
outer horizon-radius of the Kerr black hole).
What is even more remarkable is the fact that the rate of en-
ergy extraction from the spinning Kerr black hole in the superra-
diant regime (1) can grow exponentially in time if the scattered 
scalar wave ﬁeld, which is used to extract the black-hole rotational 
energy, is prevented from radiating its energy to inﬁnity. Interest-
ingly, the Klein–Gordon wave equation for a scalar ﬁeld of mass μ
[8–11] in the Kerr black-hole spacetime is governed by an effective 
binding potential [see Eqs. (18) and (19) below] which provides a 
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SCOAP3.natural conﬁnement mechanism that prevents low frequency ﬁeld 
modes in the regime
0 < ωﬁeld < μ (3)
from escaping to inﬁnity. Scalar ﬁeld modes which respect the in-
equalities (1) and (3) in the rotating Kerr black-hole spacetime can 
grow exponentially over time [8], thus leading to the formation of 
a composed Kerr-black-hole-massive-scalar-ﬁeld bomb [12,13].
The boundary between stable (ω > mH) and unstable
(ω <mH) composed Kerr-black-hole-massive-scalar-ﬁeld systems 
is marked by the presence of stationary ﬁeld conﬁgurations whose 
orbital frequencies are in resonance with the angular velocity H
of the spinning black hole [9,10]. Speciﬁcally, for a given value of 
the ﬁeld azimuthal harmonic index m, these marginally-stable (sta-
tionary) bound-state ﬁeld conﬁgurations are characterized by the 
resonance relation [9,10]
ωﬁeld = ωc ≡mH, (4)
where ωc is the critical (threshold) frequency for superradiant 
scattering in the Kerr black-hole spacetime.
It was previously proved [14,15] that, for a scalar ﬁeld of proper 
mass μ interacting with a spinning Kerr black hole of angular ve-
locity H, the inequality
μ <
√
2 ·mH (5)
provides an upper bound on the domain of existence of station-
ary Kerr-black-hole-massive-scalar-ﬁeld conﬁgurations. Since these 
stationary (marginally-stable) ﬁeld conﬁgurations mark the bound-
ary between stable and unstable Kerr-massive-scalar-ﬁeld systems, under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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instability regime of the composed Kerr-black-hole-massive-scalar-
ﬁeld system.
The main goal of the present paper is to derive a stronger upper 
bound on the superradiant instability regime of the spinning Kerr 
black-hole spacetime [16]. In particular, below we shall show that 
the binding potential well, which is required in order to support 
the stationary (marginally-stable) scalar ﬁeld conﬁgurations (4) in 
the rotating Kerr black-hole spacetime, exists only in a restricted 
regime μ/mH < F(γ ) [17] of the black-hole-ﬁeld physical pa-
rameters. Since this inequality sets an upper bound on the domain 
of existence of these marginally-stable (stationary [16]) ﬁeld con-
ﬁgurations in the rotating Kerr black-hole spacetime, it also sets 
an upper bound on the superradiant instability regime of the com-
posed Kerr-black-hole-massive-scalar-ﬁeld system.
2. Description of the system
We shall study the dynamics of a massive scalar ﬁeld  which 
is linearly coupled to a spinning Kerr black hole. The black-hole 
spacetime is described by the line element [5,6]
ds2 = − 
ρ2
(dt − a sin2 θdφ)2 + ρ
2

dr2 + ρ2dθ2
+ sin
2 θ
ρ2
[
adt − (r2 + a2)dφ]2, (6)
where (t, r, θ, φ) are the Boyer–Lindquist coordinates, {M, a} are 
the mass and angular momentum per unit mass of the black hole, 
and
 ≡ r2 − 2Mr + a2 ; ρ2 ≡ r2 + a2 cos2 θ. (7)
The zeros of ,
r± = M ±
√
M2 − a2, (8)
are the (outer and inner) horizon radii of the spinning black hole.
The dynamics of a linearized scalar ﬁeld  of proper mass μ
in the black-hole spacetime is governed by the Klein–Gordon wave 
equation
(∇ν∇ν − μ2) = 0. (9)
One can decompose the eigenfunction  of the massive scalar ﬁeld 
in the form [18]
(t, r;ω,θ,φ)
=
∑
l,m
eimφ Slm(θ;m,a
√
μ2 − ω2)Rlm(r;M,a,μ,ω)e−iωt . (10)
Substituting (10) into the Klein–Gordon wave equation (9), one 
ﬁnds that the angular function Slm satisﬁes the angular equa-
tion [19–24]
1
sin θ
d
dθ
(
sin θ
dSlm
dθ
)
+
[
Klm + a2(μ2 − ω2) sin2 θ − m
2
sin2 θ
]
Slm = 0. (11)
Demanding the angular functions to be regular at the two poles 
θ = 0 and θ = π , one ﬁnds that the differential equation (11)
is characterized by a discrete set {Klm} of angular eigenvalues 
(see [25–27] and references therein). Below we shall use the fact 
that the characteristic eigenvalues of the angular equation (11) are 
bounded from below by the relation [27,28]
Klm ≥m2 − a2(μ2 − ω2). (12)The radial function Rlm satisﬁes the radial equation [19,20]

d
dr
(

dRlm
dr
)
+
{
[ω(r2 + a2) −ma]2
+ [2maω − μ2(r2 + a2) − Klm]
}
Rlm = 0. (13)
It is worth noting that the angular eigenvalues {Klm} couple equa-
tion (13) for the radial eigenfunctions to equation (11) for the 
angular eigenfunctions [29]. The radial equation (13) should be 
supplemented by the physical boundary condition of purely ingo-
ing waves (as measured by a comoving observer) at the horizon of 
the black hole [8–10]:
Rlm ∼ e−i(ω−mH)y for r → r+ (y → −∞), (14)
where the radial coordinate y is determined by the relation dy =
(r2/)dr [see Eq. (17) below]. In addition, the asymptotic (large-r) 
behavior [8–10]
Rlm ∼ 1r e
−√μ2−ω2 y for r → ∞ (y → ∞) (15)
of the radial eigenfunction, together with the characteristic in-
equality (3), guarantee that the external bound-state conﬁgurations 
of the massive scalar ﬁelds are characterized by spatially decaying 
(bounded) radial eigenfunctions at asymptotic inﬁnity.
3. The effective binding potential of the composed 
Kerr-black-hole-massive-scalar-ﬁeld system
Our main goal is to obtain an upper bound on the domain 
of existence of the stationary (marginally-stable) Kerr-black-hole-
massive-scalar-ﬁeld conﬁgurations [16]. To this end, it proves use-
ful to transform the radial equation (13) into a Schrödinger-like 
wave equation. Substituting
ψ = rR (16)
and [30]
dy = r
2

dr (17)
into the radial equation (13), one obtains the Schrödinger-like 
wave equation
d2ψ
dy2
− V (y)ψ = 0, (18)
where the effective potential which governs the radial equation 
(18) is given by
V = V (r;ω,M,a,μ, l,m)
= 2
r6
(Mr − a2) + 
r4
[Klm − 2maω + μ2(r2 + a2)]
− 1
r4
[ω(r2 + a2) −ma]2. (19)
Note that this radial potential is characterized by the asymptotic 
properties [see Eqs. (2), (4), and (19)]
V (r = r+;ω = ωc,M,a,μ, l,m) = 0 (20)
and
V (r → ∞;ω = ωc,M,a,μ, l,m) → μ2 − ω2c > 0 (21)
at the black-hole horizon and at spatial inﬁnity, respectively.
In the next section we shall analyze the spatial properties of 
the effective radial potential (19) for the stationary [16] bound-
state conﬁgurations of the massive scalar ﬁelds in the rotating 
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rations are characterized by the critical (threshold) superradiant 
frequency (4)]. In particular, we shall show that the requirement 
that the effective radial potential (19) has the form of a bind-
ing potential well outside the black-hole horizon sets an upper 
bound on the mass of the explosive scalar ﬁeld in the superradiant 
regime (1).
4. An upper bound on the mass of the explosive scalar ﬁeld
In the present section we shall study the spatial behavior of 
the effective radial potential (19) which governs the interaction 
of the stationary (marginally-stable) massive scalar conﬁgurations 
with the rotating Kerr black hole. Substituting the characteristic 
resonant frequency (4) of the stationary scalar ﬁelds into the ex-
pression (19) for the effective radial potential, and using the in-
equality (12) for the eigenvalues of the angular equation (11), one 
obtains the inequality
V (r) ≥m2 · r − r+
r3(r2+ + a2)2
[
βa2r2 − a2(2M + βr−)r + 2Mr3+
]
+ 2
r6
(Mr − a2) (22)
for the effective radial potential which characterizes the station-
ary Kerr-black-hole-massive-scalar-ﬁeld conﬁgurations, where the 
dimensionless parameter β > 0 [31] is deﬁned by the relation
μ2 = (1+ β) · ω2c . (23)
Furthermore, substituting the inequality Mr−a2 ≥ 0 [32] into (22), 
one ﬁnds the lower bound
V (r) ≥m2 · r − r+
r3(r2+ + a2)2
[
βa2r2 − a2(2M + βr−)r + 2Mr3+
]
(24)
on the effective radial potential.
A necessary condition for the existence of the stationary 
(marginally-stable) bound-state scalar conﬁgurations in the rotat-
ing Kerr black-hole spacetime is provided by the requirement that 
the effective radial potential (19), which characterizes the com-
posed Kerr-black-hole-massive-scalar-ﬁeld system, has the form of 
a binding potential well. In particular, taking cognizance of the 
property (20) which characterizes the effective radial potential of 
the composed black-hole-ﬁeld system, one concludes that the in-
equality
V (r) ≤ 0 for r ∈ [r−b , r+b ] (25)
provides a necessary condition for the existence of stationary 
bound-state scalar conﬁgurations in the Kerr black-hole spacetime. 
The inequality (25) reﬂects the fact that, in order to be able to 
support stationary bound-state scalar conﬁgurations outside the 
black-hole horizon, the effective radial potential (19) of the com-
posed black-hole-ﬁeld system must have the form of a binding 
potential well in some interval r+ ≤ r−b ≤ r ≤ r+b outside the black-
hole horizon.
Taking cognizance of Eqs. (24) and (25), one ﬁnds the charac-
teristic inequality
βa2r2 − a2(2M + βr−)r + 2Mr3+ ≤ 0 (26)
in the interval r ∈ [r−b , r+b ] which characterizes the binding poten-
tial well outside the black-hole horizon. The zeros of the quadratic 
function on the l.h.s. of (26) are given by
r±b =
a(2M + βr−) ±
√
a2(2M + βr−)2 − 8βMr3+
. (27)
2βaThe requirements r±b ∈R with r+ ≤ r−b ≤ r+b yield the relation
a2r2− · β2 + 4M(a2r− − 2r3+) · β + 4M2a2 > 0 (28)
as a necessary condition for the validity of the inequality (26). 
From (28) one ﬁnds the upper bound
β <
2M
[
2r2+ − r2− − 2r+(r2+ − r2−)1/2
]
r3−
(29)
on the dimensionless quantity β .
Finally, taking cognizance of Eqs. (4), (23), and (29), and deﬁn-
ing the dimensionless ratio
γ ≡ r−
r+
(30)
between the horizon radii of the spinning Kerr black hole, one 
ﬁnds the upper bound
μ <F(γ ) ·mH (31)
on the scalar mass of the stationary (marginally-stable) bound-
state ﬁeld conﬁgurations, where the dimensionless function F =
F(γ ) is given by
F(γ ) =
√
2(1+ γ )(1−√1− γ 2) − γ 2
γ 3
. (32)
It is worth emphasizing again that the stationary bound-state 
ﬁeld conﬁgurations (4) mark the onset of the superradiant instabil-
ities in the composed Kerr-black-hole-massive-scalar-ﬁeld system. 
Thus, the analytically derived upper bound (31) on the domain 
of existence of these stationary (marginally-stable) black-hole-ﬁeld 
conﬁgurations also provides an upper bound on the superradiant 
instability regime of the composed Kerr-black-hole-massive-scalar-
ﬁeld system [33].
5. Numerical conﬁrmation
It is of physical interest to test the validity of the analyt-
ically derived upper bound (31) on the superradiant instability 
regime of the composed Kerr-black-hole-massive-scalar-ﬁeld sys-
tem. As emphasized earlier, the boundary between stable and un-
stable composed black-hole-ﬁeld systems is marked by the sta-
tionary (marginally-stable) black-hole-ﬁeld conﬁgurations studied 
in [9,10]. In particular, the scalar ﬁeld masses μ = μ(m, H) which 
correspond to these stationary (marginally-stable) composed Kerr-
black-hole-massive-scalar-ﬁeld conﬁgurations were computed nu-
merically in [10].
In Table 1 we present the dimensionless ratio μnumerical/μbound, 
where μnumerical is the numerically computed [10] ﬁeld masses 
which mark the onset of the superradiant instabilities in the com-
posed Kerr-black-hole-massive-scalar-ﬁeld system, and μbound is 
the analytically derived upper bound (31) on the superradiant in-
stability regime of the composed black-hole-ﬁeld system. One ﬁnds 
from Table 1 that the superradiant instability regime of the com-
posed Kerr-black-hole-massive-scalar-ﬁeld system is characterized 
by the relation μnumerical/μbound < 1, in agreement with the ana-
lytically derived upper bound (31).
6. Summary
In this paper we have explored the superradiant instability 
regime of the spinning Kerr black hole to massive scalar pertur-
bations. In particular, we have shown that the binding potential 
well, which is required in order to support the stationary [16]
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The superradiant instability regime of the composed Kerr-black-hole-massive-scalar-
ﬁeld system (the rotating black-hole bomb). We present the dimensionless ratio 
μnumerical/μbound, where μnumerical is the numerically computed [10] ﬁeld masses 
which mark the onset of the superradiant instabilities in the composed Kerr-black-
hole-massive-scalar-ﬁeld system, and μbound is the analytically derived upper bound 
on the superradiant instability regime of the composed system as given by Eq. (31). 
The data presented are for the cases l =m = 1 and l =m = 10. One ﬁnds that the 
superradiant instability regime of the composed Kerr-black-hole-massive-scalar-ﬁeld 
system is characterized by the relation μnumerical/μbound < 1, in agreement with the 
analytically derived upper bound (31).
s ≡ a/M F(s) μ(l=m=1)μbound
μ(l=m=10)
μbound
0.1 1.00031 0.99977 0.99940
0.2 1.00129 0.99903 0.99967
0.3 1.00301 0.99774 0.99948
0.4 1.00567 0.99573 0.99901
0.5 1.00960 0.99276 0.99776
0.6 1.01541 0.98835 0.99715
0.7 1.02437 0.98163 0.99558
0.8 1.03955 0.96995 0.99276
0.9 1.07168 0.94694 0.98676
0.95 1.11039 0.91878 0.97942
0.99 1.21646 0.84910 0.96165
0.999 1.37370 0.76084 0.94280
bound-state scalar ﬁeld conﬁgurations (4) in the rotating black-
hole spacetime, exists only in the restricted regime [see Eqs. (31)
and (32)]
Mμ <m ·
√
2(1+ γ )(1−√1− γ 2) − γ 2
4γ 2
; γ ≡ r−/r+.
(33)
The dimensionless inequality (33) sets an upper bound on the 
domain of existence of the stationary bound-state scalar ﬁeld con-
ﬁgurations (4) in the rotating Kerr black-hole spacetime. Since 
these marginally-stable (stationary) bound-state scalar ﬁeld con-
ﬁgurations [34] mark the boundary between stable (ω > mH) 
and unstable (ω <mH) ﬁeld conﬁgurations in the Kerr black-hole 
spacetime, the analytically derived inequality (33) also provides an 
upper bound on the superradiant instability regime [35] of the 
composed Kerr-black-hole-massive-scalar-ﬁeld system [36].
Acknowledgements
This research is supported by the Carmel Science Foundation. 
I would like to thank C.A.R. Herdeiro and E. Radu for sharing with 
me their numerical data. I thank Yael Oren, Arbel M. Ongo, Ayelet 
B. Lata, and Alona B. Tea for stimulating discussions.
References
[1] Ya.B. Zel’dovich, Pis’ma Zh. Eksp. Teor. Fiz. 14 (1971) 270; JETP Lett. 14 (1971) 
180;
Ya.B. Zel’dovich, Zh. Eksp. Teor. Fiz. 62 (1972) 2076; Sov. Phys. JETP 35 (1972) 
1085.
[2] W.H. Press, S.A. Teukolsky, Nature 238 (1972) 211;
W.H. Press, S.A. Teukolsky, Astrophys. J. 185 (1973) 649.
[3] A.V. Vilenkin, Phys. Lett. B 78 (1978) 301.
[4] We use natural units in which G = c = h¯ = 1.
[5] S. Chandrasekhar, The Mathematical Theory of Black Holes, Oxford University 
Press, New York, 1983.
[6] R.P. Kerr, Phys. Rev. Lett. 11 (1963) 237.
[7] We shall assume a > 0 and m > 0 without loss of generality.
[8] T. Damour, N. Deruelle, R. Ruﬃni, Lett. Nuovo Cimento 15 (1976) 257;
T.M. Zouros, D.M. Eardley, Ann. Phys. 118 (1979) 139;
S. Detweiler, Phys. Rev. D 22 (1980) 2323;
H. Furuhashi, Y. Nambu, Prog. Theor. Phys. 112 (2004) 983;
V. Cardoso, J.P.S. Lemos, Phys. Lett. B 621 (2005) 219;
V. Cardoso, S. Yoshida, J. High Energy Phys. 0507 (2005) 009;
S.R. Dolan, Phys. Rev. D 76 (2007) 084001;S. Hod, O. Hod, Phys. Rev. D 81 (2010) 061502 (Rapid communication), 
arXiv:0910.0734;
S. Hod, O. Hod, e-print arXiv:0912.2761;
H.R. Beyer, J. Math. Phys. 52 (2011) 102502;
R. Brito, V. Cardoso, P. Pani, Phys. Rev. D 88 (2013) 023514;
S. Hod, Phys. Lett. B 739 (2014) 196, arXiv:1411.2609;
S. Hod, Phys. Lett. B 749 (2015) 167, arXiv:1510.05649;
S. Hod, Phys. Lett. B 751 (2015) 177.
[9] S. Hod, Phys. Rev. D 86 (2012) 104026, arXiv:1211.3202;
S. Hod, Eur. Phys. J. C 73 (2013) 2378, arXiv:1311.5298;
S. Hod, Phys. Rev. D 90 (2014) 024051, arXiv:1406.1179;
S. Hod, Class. Quantum Gravity 32 (2015) 134002.
[10] C.A.R. Herdeiro, E. Radu, Phys. Rev. Lett. 112 (2014) 221101;
C.A.R. Herdeiro, E. Radu, Phys. Rev. D 89 (2014) 124018;
C.A.R. Herdeiro, E. Radu, Int. J. Mod. Phys. D 23 (2014) 1442014;
C.L. Benone, L.C.B. Crispino, C. Herdeiro, E. Radu, Phys. Rev. D 90 (2014) 
104024;
C. Herdeiro, E. Radu, H. Rúnarsson, Phys. Lett. B 739 (2014) 302;
C. Herdeiro, E. Radu, Class. Quantum Gravity 32 (2015) 144001;
C.A.R. Herdeiro, E. Radu, Int. J. Mod. Phys. D 24 (2015) 1542014;
C.A.R. Herdeiro, E. Radu, Int. J. Mod. Phys. D 24 (2015) 1544022;
J.C. Degollado, C.A.R. Herdeiro, Gen. Relativ. Gravit. 45 (2013) 2483;
P.V.P. Cunha, C.A.R. Herdeiro, E. Radu, H.F. Rúnarsson, Phys. Rev. Lett. 115 
(2015) 211102;
C.A.R. Herdeiro, E. Radu, H.F. Rúnarsson, Phys. Rev. D 92 (2015) 084059.
[11] Note that the characteristic mass parameter μ of the scalar ﬁeld stands 
for μ/h¯. Hence, this physical parameter has the dimensions of (length)−1.
[12] As shown in [2,13], an artiﬁcial conﬁnement mechanism can be provided by 
a reﬂecting mirror which surrounds the black hole and prevents the ampliﬁed 
scalar ﬁeld modes from radiating their energy to inﬁnity. This composed setup 
is known as the Kerr-black-hole-scalar-ﬁeld-mirror bomb.
[13] V. Cardoso, O.J.C. Dias, J.P.S. Lemos, S. Yoshida, Phys. Rev. D 70 (2004) 044039;
V. Cardoso, O.J.C. Dias, J.P.S. Lemos, S. Yoshida, Phys. Rev. D 70 (2004) 049903 
(Erratum);
S.R. Dolan, Phys. Rev. D 87 (2013) 124026;
S. Hod, Phys. Rev. D 88 (2013) 124007, arXiv:1405.1045;
S. Hod, Phys. Lett. B 736 (2014) 398, arXiv:1412.6108;
S.R. Dolan, S. Ponglertsakul, E. Winstanley, Phys. Rev. D 92 (2015) 124047;
S. Hod, Phys. Lett. B 755 (2016) 177.
[14] S. Hod, Phys. Lett. B 708 (2012) 320, arXiv:1205.1872.
[15] For former analytical bounds on the instability regime of the composed Kerr-
black-hole-massive-scalar-ﬁeld system, see H.R. Beyer, Commun. Math. Phys. 
221 (2001) 659;
H.R. Beyer, J. Math. Phys. 52 (2011) 102502.
[16] It is worth emphasizing again that the onset of the superradiant instabil-
ities in the composed Kerr-black-hole-massive-scalar-ﬁeld system is marked 
by the presence of the stationary (marginally-stable) bound-state ﬁeld con-
ﬁgurations (4). Thus, an upper bound on the domain of existence of these 
stationary black-hole-ﬁeld conﬁgurations [see Eq. (31) below] would also pro-
vide an upper bound on the superradiant instability regime of the composed 
Kerr-black-hole-massive-scalar-ﬁeld system.
[17] The dimensionless scaling function F(γ ), to be determined below, depends 
solely on the dimensionless ratio γ ≡ r−/r+ between the horizon radii of the 
spinning Kerr black hole [see Eq. (32) below].
[18] The integer parameters m and l ≥ |m| are the (azimuthal and spheroidal) har-
monic indices of the scalar ﬁeld modes [see Eq. (11) below].
[19] S.A. Teukolsky, Phys. Rev. Lett. 29 (1972) 1114;
S.A. Teukolsky, Astrophys. J. 185 (1973) 635.
[20] T. Hartman, W. Song, A. Strominger, J. High Energy Phys. 1003 (2010) 118.
[21] A. Ronveaux, Heun’s Differential Equations, Oxford University Press, Oxford, UK, 
1995;
C. Flammer, Spheroidal Wave Functions, Stanford University Press, Stanford, 
1957.
[22] P.P. Fiziev, e-print arXiv:0902.1277;
R.S. Borissov, P.P. Fiziev, e-print arXiv:0903.3617;
P.P. Fiziev, Phys. Rev. D 80 (2009) 124001;
P.P. Fiziev, Class. Quantum Gravity 27 (2010) 135001.
[23] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions, Dover Pub-
lications, New York, 1970.
[24] S. Hod, Phys. Rev. Lett. 100 (2008) 121101, arXiv:0805.3873;
S. Hod, Phys. Lett. B 717 (2012) 462, arXiv:1304.0529;
S. Hod, Phys. Rev. D 87 (2013) 064017, arXiv:1304.4683.
[25] H. Yang, D.A. Nichols, F. Zhang, A. Zimmerman, Z. Zhang, Y. Chen, Phys. Rev. D 
86 (2012) 104006.
[26] S. Hod, Phys. Lett. B 746 (2015) 365, arXiv:1506.04148.
[27] J.M. Bardeen, W.H. Press, S.A. Teukolsky, Astrophys. J. 178 (1972) 347.
[28] It is worth noting that the lower bound (12) on the angular eigenvalues can 
be saturated in the eikonal l =m  1 limit, in which case one ﬁnds the simple 
relation Kmm =m2[1 + O (m−1)] − a2(μ2 − ω2) [26].
S. Hod / Physics Letters B 758 (2016) 181–185 185[29] Note, in particular, that the eigenvalues {Klm} which characterize the angular 
equation (11) also appear in the effective potential of the radial Klein–Gordon 
equation (13).
[30] Note that the coordinate r ∈ [0, ∞] is mapped into y ∈ [−∞, +∞] by the ra-
dial transformation (17).
[31] Note that the inequality β > 0 follows from (3).
[32] This relation follows from the series of inequalities Mr − a2 ≥ Mr+ − a2 =
r+(M − r−) ≥ 0 for r ≥ r+ .
[33] It is interesting to note that the newly derived upper bound (31) on the mass 
of the explosive scalar ﬁeld is stronger than the bound (5) in the entire regime 
a  0.999481.
[34] It is worth emphasizing again that these stationary (marginally-stable) scalar 
ﬁeld conﬁgurations are characterized by the marginal (critical) frequency 
ωﬁeld = ωc ≡mH for superradiant scattering in the Kerr black-hole spacetime 
[see Eq. (4)].[35] That is, the inequality (33) provides a necessary condition for the development 
of the superradiant instabilities in the composed Kerr-black-hole-massive-
scalar-ﬁeld system.
[36] It is worth noting that the expression on the r.h.s. of (33) not only bounds 
the superradiant instability regime of the composed Kerr-black-hole-massive-
scalar-ﬁeld system, but it also predicts with a fairly good accuracy the exact 
(numerically computed [10]) scalar ﬁeld masses which mark the onset of these 
superradiant instabilities. For instance, from the data presented in Table 1 one 
learns that, for the l =m = 1 mode, the expression on the r.h.s. of (33) agrees 
with the numerically computed scalar ﬁeld masses which mark the onset of 
the superradiant instabilities to within ∼ 5% in the regime a/M  0.9. The 
agreement becomes even better for the higher scalar modes. For instance, for 
the l = m = 10 mode, the expression on the r.h.s. of (33) agrees with the 
numerically computed scalar ﬁeld masses which mark the onset of the su-
perradiant instabilities to within ∼ 2% in the regime a/M  0.95.
